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1
Abstract
We find, in an intrinsic form, a generalized Rankine-Hugoniot condition with
respect to an entropy density that allows to give the proper interpretation to a
formula of Vol’pert reducing the entropy condition on a function with bounded
variation to its expression for generic simple jumps. It also leads to define the
conservation laws only in terms of characteristics and to point out the class of
entropy conditions coming from oriented conservation laws.
1 Introduction
The present paper is the direct continuation of the Part I published in arXiv in December
2009 ([2]).
The second section is concerned with the right interpretation, in the framework of charac-
teristics and nonlinear fibre bundles, of a formula of Vol’pert from [4], allowing to reduce
the entropy condition on the generalized solutions with bounded variation to the corre-
sponding condition on their generic simple jumps. In order of that, we found first the
intrinsic concept of generalized solution of Rankine-Hugoniot type with respect to an
entropy density, as was the last one introduced in Part I of this article.
The third section stresses the role played by the integrability properties of the
2-dimensional sub-bundle of sums of tangents to characteristics with tangents to nonlinear
fibres for the question of distinguishing the entropy densities by their respective classes
of solutions. We show that a condition of complete non-integrability is necessary and
sufficient for this property, while the complete integrability makes all classes of solutions
identical and of behaviour reversible in time.
The fourth section deals with a special class of entropy conditions, those coming from,
called by us, oriented conservation laws. First we succeed to define and to prove local
existence and unique determination of conservation laws only in terms of characteristics.
Next we identify the entropy densities defined by oriented conservation laws and prove that
being a generalized Rankine-Hugoniot solution, with respect to such an entropy density,
comes to verifying a condition of null divergence. Finally, in the case of a 2-dimensional
space-time continuum with the completely non-integrable sub-bundle considered in the
previous section, we characterize the entropy densities coming from oriented conservation
laws. Let us mention that for the equation of 2D flat projective structure this sub-bundle
is indeed completely non-integrable.
2 Reducing the entropy condition to its
expression for generic simple jumps
§2.1 Intrinsic meaning of generalized Rankine-Hugoniot solutions
with respect to an entropic density
We refer to [2] for the definitions of the entropic density ρ, the essentially locally bounded
section σ and the open layer G bounding σ on U . Hence π : G → U is a surjective
submersion and σ : U → G is a measurable section of π.
T 0gG := TgGpi(g) = ker Tgπ (1)
denotes the tangent to the nonlinear fiber Gz in g ∈ Gz for z ∈ U .
The example from [2, §3.5], shows that the vector bundle T 0G over G may be not
orientable; in that example U is diffeomorphic to the Mo¨bius band and Gz is an open
connected arc in the projectivized P (TzU) of the tangent plane TzU in z to U , continuously
depending on z ∈ U .
We will then consider the covering with two leaves
p : U˜pi → U (2)
where U˜pi = {(z, o)|z ∈ U, o orientation ofGz} (recall that Gz are connected arcs). Next
we define the generalized function
RH(ρ, σ) : C∞0 Γ(Ω(T U˜pi))→ R (3)
(denoted after Rankine and Hugoniot for convenience). If V = V˚ ⊆ U is properly covered
by p, so that there exists
o : π−1(V ) ∩G→ O(T 0G) (4)
continuous section, we consider also −o, (−o)g = −og and (V, o) ⊂ U˜pi, (V,−o) ⊂ U˜pi,
(V, o) ∩ (V,−o) = ∅, (V, o) ∪ (V,−o) = p−1(V ) (see (2)). Now for any test function
ζ ∈ C∞0 Γ(Ω(T (V, o))) we put
< RH(ρ, σ), ζ >=< J(ρ, σ|V , τ), p∗ζ > (5)
for τ smooth section of π defined on V , with τ(V ) ⊂ G and
σz < τz (6)
with respect to o, ∀z ∈ V (see [2, (41) - (47)] for the definition of J(ρ, σ|V , τ)). Formula
(41) from [2] shows that the definition (5) does not depend on τ with (6). If we consider
s : (V, o)→ (V,−o) (7)
canonical, we see that
< RH(ρ, σ), s∗ζ >= − < RH(ρ, σ), ζ >, (8)
∀ζ ∈ C∞0 Γ(Ω(T (V,−o))). Then we define RH(ρ, σ) on U˜pi through a partition of unity
such that (8) holds ∀ζ ∈ C∞0 Γ(Ω(T U˜pi)), where s : U˜pi → U˜pi has now a clear meaning.
In the standard case from [2, (32) - (34) and (36)], with the orientation o defined by [2,
Proposition 1], if
ζz = φ(z) · |dz1 ∧ · · · ∧ dzm|, z ∈ V, (9)
and σz = (z, u(z)), we get
< RH(ρ, σ), ζ >= −
∫
V
{ m∑
i=1
Z i(z, u(z))
∂ϕ
∂zi
(z)+
+
[
Xm+1(z, u(z)) +
m∑
i=1
∂Z i
∂zi
(z, u(z))
]
φ(z)
}
dz. (10)
We will say that σ is a generalized Rankine-Hugoniot solution with respect to ρ on U if
RH(ρ, σ) = 0 on U˜pi, hence if it satisfies locally the equation in divergence form. We
stress the fact that the equation has an intrinsic meaning even if u, the X i-s, the Z i-s and
φ depend on the chart. From the Corollary 1 from [2] it results that I(ρ, σ,G) > 0 ⇒
RH(ρ, σ) > 0 and from (8) RH(ρ, σ) = 0, that is an entropic solution with respect to ρ
is a generalized Rankine-Hugoniot solution with respect to ρ.
§2.2 A formula for generalized Rankine-Hugoniot solutions
with bounded variation
This formula is essentially due to Vol’pert [4]. Let us consider for σ as before
Rσ(k) =
∫
|k,σ(z)|
Tgπ · ρ
z(dg), k ∈ Gz, z ∈ U ; (11)
hence Rσ(k) ∈ Tz(U), ∀k ∈ Gz. Next, for θ ∈ C
∞
0 Γ(Ω(T
0G)) let
S(σ, θ)(z) =
∫
Gz
Rσ(k) · θ
z(dk), (12)
so that S(σ, θ)(z) ∈ TzU, ∀z ∈ U . Here ρ
z = ρ|Gz , θ
z = θ|Gz . In local coordinates, where
ρ = λ⊗X , λ the Lebesgue measure on R,
∂Z i
∂y
= X i, 1 6 i 6 m, we have
Rσ(z, y) = sgn(u(z)− y) · (Z(z, u(z))− Z(z, y)), (13)
where Z(z, y) = (Z i(z, y))mi=1, and
S(σ, θ)(z) =
∫
sgn(u(z)− y) · (Z(z, u(z))− Z(z, y))φ(z, y)dy, (14)
if
θ(z, dy) = φ(z, y)|dy|. (15)
The Corollary from [4, §15.4], is the following: let v = (v1, v2, ..., vn) ∈ BV (Ω,R
n),
u ∈ BV (Ω,R), |vk(x)| 6 M |u(x)|, ∀x ∈ Ω, 1 6 k 6 n. Then w := sgn(u) · v is in
BV (Ω,Rn). If, moreover, divv is absolutely continuous with respect to the Lebesgue
measure on Ω, then for every φ ∈ C∞0 (Ω)∫
Ω
φ(x) divw(dx) =
∫
Ω
φ(x) sgn(u(x)) · divv(x) · dx+
∫
Γ(u)
φ(x) < ∆w, ν > Hn−1(dx),
(16)
where Γ(u) is the set of regular points of jump of u, ν the normal at Γ(u) and ∆w =
= lνw − l−νw is the jump of w across Γ(u).
We will use this formula for our generalized function I(ρ, σ,G) that in local coordinates
reads (see [2, (37)])
< I(ρ, σ,G), ψ >=
∫∫
G
sgn(u(z)− y)
{ m∑
i=1
(Z i(z, u(z))− Z i(z, y))
∂ϕ
∂zi
(z, y)+
+
[
Xm+1(z, u(z)) +
m∑
i=1
(∂Z i
∂zi
(z, u(z))−
∂Z i
∂zi
(z, y)
)]
ϕ(z, y)
}
dz dy, (17)
if ψ(z,y) = ϕ(z, y) · |dz1 ∧ · · · ∧ dzm ∧ dy|.
For u ∈ BV (U) generalized Rankine-Hugoniot solution with respect to ρ on U we apply,
following Vol’pert, (16) to u(z)− y, in place of u, and Z(z, u(z))− Z(z, y), in place of v,
for fixed y. Remark that in the sense of distributions
divz(Z(z, u(z))− Z(z, y)) = X
m+1(z, u(z)) +
m∑
i=1
(∂Z i
∂zi
(z, u(z))−
∂Z i
∂zi
(z, y)
)
, (18)
hence divv is absolutely continuous in virtue of the hypothesis on u. Integrating also with
respect to y we get for any chart χ : V → Rn on U
< I(ρ, σ,G), θ ⋊ π∗χ∗(Hm) >= −
∫
χ(Γ(σ)∩V )
< χ∗(∆S(σ, θ)), ν > Hm−1(dz), (19)
where Hm = |dz1 ∧ · · · ∧ dzm| (see [2, (39) and (15)]). Therefore, in order that a gener-
alized Rankine-Hugoniot solution be an entropic solution it is necessary and sufficient an
inequality involving the jump of Rσ (see (11)), in each regular point of jump of σ, of the
kind already found in the case of the simple shock in [2, (65)].
3 Distinguishing entropy densities by their
respective solutions and the integrability
properties of the vector sub-bundle D ⊕ T 0F
We recall that (see [2, (17), (18)]) that D denotes the vector sub-bundle of TF of char-
acteristic directions
Df = ρf(T
0
f F )− ρf (T
0
f F ), (20)
where the entropy density ρ ∈ C1Γ(Ω(T 0F )⊗ TF ) satisfies
Tfπ ρf 6= 0, ∀ f ∈ F. (21)
We have already considered in [2, (106)], the map
κ : F → P (TM), κ(f) = P (Tfπ Df ) ∈ P (Tpi(f)M) (22)
that depends only on the characteristics and not on ρ.
In what follows a supplementary property is imposed on the entropic solutions (see [2,
(20), (21)]):
(TP I) ∀z ∈ V ∃Hz ⊂ TzM, dimTzM/Hz = 1, such that
Hz + Tfπ ·Df = TzM, ∀f ∈ |σ1z, σ2z|Gz . (23)
If we denote
Sf = ρf (T
0
f F ) = im ρf (24)
the half-line with Sf − Sf = Df , the transversality property (TP I) entails:
if f1, f2 ∈ |σ1z, σ2z|Gz with κ(f1) = κ(f2) then Tf1π(Sf1) = Tf2π(Sf2).
As TP (L)P (V )=˜Hom(L, V/L) for L 1-dimensional subspace of V , we have
Tf (κ|Fz) : TfFz → Tκ(f)P (TzM)=˜Hom(TfπDf , TzM/Tfπ Df)
Then there exists a subspace ˜imTf(κ|Fz) ⊂ TzM/TfπDf such that
imTf (κ|Fz) = Hom(Tfπ Df ,
˜imTf(κ|Fz))
and finally there exists a subspace ̂imTf (κ|Fz) ⊂ TzM, ̂imTf(κ|Fz) ⊃ TfπDf (of
dimension 2 or 1) such that
imTf(κ|Fz) = Hom(Tfπ Df ,
̂imTf(κ|Fz)/Tfπ Df). (25)
Let σ1 and σ2 be two classical solutions in the neighbourhood of a point z0 ∈M with
σ1z0 6= σ2z0 . (26)
Suppose that (TP I) holds at z0 on |σ1z0 , σ2z0 |Gz0 and that, moreover, it is satisfied also
the transversality condition
(TP II) ∃Kz0 ⊂ Hz0, dimHz0/Kz0 = 1 such that
Kz0 +
̂imTf (κ|Fz0 ) = Tz0M, ∀f ∈ |σ1z0 , σ2z0 |Gz0 . (27)
Let Σ0 be a submanifold of M through z0 of codimΣ0 = 2 and Tz0Σ0 = Kz0. It can be
shown that, under these conditions, there exists a unique hipersurface Σ ⊃ Σ0 (i.e. of
codimΣ = 1), defined in a neighbourhood V of z0 with the property that ∀z ∈ Σ the
subspaces Tσ1zπDσ1z and Tσ2zπ Dσ2z are transversal to TzΣ in TzM and Tσ1zπ(Sσ1z) lie
on the same side of Σ, ∀z ∈ Σ, while Tσ2zπ(Sσ2z) lie on the other side of Σ, ∀z ∈ Σ (see
(24)), so that the projections of the respective two characteristics through any z ∈ V \Σ
differ by the fact that, as oriented by ρ, one of them enters in Σ while the other goes out
of Σ; and, finally, such that σ defined by
σz = σiz, i ∈ {1, 2}, (28)
if the characteristic of σi through z enters in Σ, be an entropic solution with respect to ρ
in V .
We have then the following
Theorem 1 Let z0 ∈ M and ρ and mρ, where m is a smooth and positive function,
be two entropy densities on G such that every local entropic solution with respect to ρ,
defined on a neighbourhood of z0 with values in G, be also a generalized Rankine-Hugoniot
solution with respect to mρ. If, moreover, in a certain g0 ∈ Gz0 the function κ defined by
D satisfies
Tg0(κ|Gz0 ) 6= 0, (29)
then m is constant in a neighbourhood of g0 from Gz0.
In virtue of (TP I) we can find a neighbourhood V of z0 and suitable coordinates (x, t, y)
on π−1(V ) ∩G that bring ρ to the canonical form
ρ = |dy| ⊗
( ∂
∂t
+
n∑
i=1
X i(x, t, y)
∂
∂xi
+Xn+2(x, t, y)
∂
∂y
)
, (30)
such that, if z0 = (0, 0), then
κ|Gz0 (y) = (X
i(0, 0, y))ni=1 ∈ R
n ⊂ P (R×Rn). (31)
The consequence of Theorem 1 is that, in the hypothesis
Tg(κ|Gz) 6= 0, ∀g ∈ Gz, ∀z ∈ U, (32)
if every entropic solution with respect to ρ is generalized Rankine-Hugoniot solution with
respect to mρ, then m is constant on each nonlinear fiber and therefore mρ defines the
same entropy condition as ρ (we remarked already in [2, after (64)], that the entropy
condition is the same when replacing ρ by mρ with m = m(z) > 0).
On the other hand, it is easy to see that, in the hypothesis
Tg(κ|Gz) = 0, ∀g ∈ Gz, ∀z ∈ U, (33)
the entropic solutions are the same for every entropy density. Indeed, in this case the
local form (30) becomes
ρ = |dy| ⊗
( ∂
∂t
+
n∑
i=1
X i(x, t)
∂
∂xi
+Xn+2(x, t, y)
∂
∂y
)
(34)
and the projection of the characteristics do not depend on the solution and do not meet;
only the initial singularities propagate along them.
It is interesting to see how this discussion is linked to the integrability of the vector sub-
bundle D ⊕ T 0F of TF .
For a general vector sub-bundle Sf of the tangent bundle TfF to a manifold F it is well
defined a curvature tensor Rf ∈ Hom(Sf ∧ Sf , TfF/Sf) by
< α˜f , Rf(Xf , Yf) >:=< αf , [X, Y ]f >= −(dα)f (Xf , Yf), (35)
if X and Y are smooth vector fields and α is a smooth 1-form defined in a neighbourhood
W of f , such that ∀g ∈ W :
Xg ∈ Sg, Yg ∈ Sg, < αg, Z >= 0, ∀Z ∈ Sg; (36)
in (35) α˜f is naturally defined on TfF/Sf . According to Frobenius theorem the sub-
bundle S is completely integrable if and only if its curvature tensor is null in every point
(see, for instance, [5]).
We will establish now the link between the curvature tensor Rf of D⊕T
0F and Tf(κ|Fpi(f))
(see (32) and (33)).
First, for an arbitrary real vector space V we consider the map
δ : V \ {0} → P (V ), δ(v) = P (R · v). (37)
As TP (L)P (V )=˜Hom(L, V/L) and TvV =˜V we have Tvδ : V → Hom(R v, V/R v), more
precisely
(Tvδ · w)(λ v) = λ (w +R v), ∀w ∈ V, ∀λ ∈ R. (38)
Then in virtue of the fact that Ker Tvδ = R v we have the isomorphism
T˜vδ : V/R v → Hom(R v, V/R v),
T˜vδ(w +R v)(λ v) = λ (w +R v), ∀w ∈ V, λ ∈ R, v ∈ V \ {0}. (39)
On the other hand we have the canonical isomorphism
T˜fπ : TfF/(Df + T
0
f F )→ Tpi(f)M/Tfπ Df . (40)
For two vector fields Xf ∈ Df \ {0}, Yf ∈ T
0
f F, f ∈ F , we verify first the equality
Tfκ · Yf = TTfpi·Xf δ · Tfπ · [Y,X ]f , (41)
and deduce
Proposition 1 If the smooth vector fields satisfy Xf ∈ Df \ {0}, Yf ∈ T
0
f F, ∀f ∈ F ,
then for the curvature tensor R of D ⊕ T 0F we have
Tfκ · Yf = ˜TTfpi·Xf δ · T˜fπ · Rf(Yf , Xf). (42)
In the case of the equation of 2D flat projective structure the map κ from (22) is the
identity of P (TP (V )), for V real vector space of dimV = 3 (see [2, §3.1]). Hence in that
case the condition (32) is fulfilled and then the respective families of solutions distinguish
the different entropy conditions.
4 Entropy conditions defined by oriented
conservation laws
§4.1 Definition of conservation laws in terms of characteristics
A conservation law for a quasilinear equation - that we identify with its characteristics -
is a vector field that locally reads
X =
m∑
i=1
∂Z i
∂y
(z, y)
∂
∂zi
−
( m∑
i=1
∂Z i
∂zi
(z, y)
) ∂
∂y
(43)
with the property that it defines the classical solutions of the equation:
X(z,y) ∈ D(z,y), ∀(z, y),
(∂Z i
∂y
(z, y)
)m
i=1
6= 0Rm , ∀(z, y). (44)
It allows to write the respective quasilinear equation for classical solutions in the form
m∑
i=1
∂
∂zi
[Z i(z, u(z))] = 0. (45)
Let us consider the differential form
α(z,y) =
m∑
i=1
(−1)i−1 Z i(z, y) dz1 ∧ · · · ∧ d̂zi ∧ · · · ∧ dzm (46)
on the total space F ⊆ Rm ×R of the nonlinear fibre bundle. Then
dα(z,y) =
( m∑
i=1
∂Z i
∂zi
(z, y)
)
dz1 ∧ · · · ∧ dzm+
+
m∑
i=1
(−1)i+m
∂Z i
∂y
(z, y)dz1 ∧ · · · ∧ d̂zi ∧ · · · ∧ dzm ∧ dy (47)
or
dα = iXν, ν = (−1)
m−1dz1 ∧ · · · ∧ dzm ∧ dy (48)
and X is given by (43). Let in these local coordinates
Y(z,y) =
∂
∂y
, (49)
a nowhere zero vector field tangent to the nonlinear fibres. From (46) - (48) and (44) we
infer
iY α = 0, iXdα = 0, iY dα(z,y) 6= 0, ∀(z, y). (50)
It is easy to see that the converse is also true, so that if X is a fixed nowhere zero smooth
vector field tangent to the characteristics and Y is a fixed nowhere zero smooth vector
field tangent to the nonlinear fibres, a smooth (m− 1)-form α with (50) defines through
a smooth nowhere zero (m+ 1)-form ν˜ and the relation
iX˜ ν˜ = dα (51)
a smooth vector field X˜ nowhere zero and tangent to the characteristics (see (48)). More-
over, a smooth section σ of F will be a classical solution of the quasilinear equation so
defined by X˜ if and only if
dσ∗α = 0. (52)
Indeed, a smooth section σ is a classical solution of the quasilinear equation defined by
X˜ if and only if
σ∗(iX˜ ν˜) = 0, (53)
for a fixed nowhere zero (m+1)-form ν˜. Therefore, from (51), (52) and the general equality
σ∗(dα) = dσ∗α we get (53). The point is that the property iY α = 0 from (50) ensures
that σ∗α is measurable and locally integrable even for a locally essentialy bounded section
σ so that the equation (52) may be satisfied by such sections in the sense of distributions.
Moreover, the property iY dα 6= 0 ensures that the equation (52) is nondegenerate in the
sense that
Tfπ Df 6= 0, ∀f (54)
(see (44) and (22)).
We suppose then that (54) holds and instead of (50) only that
iY α = 0, iXdα = 0, (dα)g 6= 0, ∀g ∈ H, (55)
if H ⊆ F is the domain of α. From (54) we deduce that X and Y are linearly independent
in every point and then (55) implies that (iY dα)g 6= 0, ∀g ∈ H , since dα is a m-form on
a (m+ 1)-dimensional manifold.
On the total space (T ∗M)∧p of the vector bundle πp : (T
∗M)∧p → M , over a general
manifold M , it is defined a canonical p-form θp as follows: first
(Tπp)
∧p : {T [(T ∗M)∧p]}∧p → (TM)∧p
is natural; next (T ∗M)∧p=˜[(TM)∧p]∗ so that for α ∈ (T ∗M)∧p it is defined α · (Tαπp)
∧p ∈
({Tα[(T
∗M)∧p]}∧p)∗=˜(T ∗α[(T
∗M)∧p])∧p. Then
θpα := α · (Tαπp)
∧p. (56)
If V = π(H), the condition iY α = 0 on α allows to define a bundle map
ι : H → (T ∗V )∧(m−1) (57)
so that
α = ι∗θ(m−1), (58)
while the condition iY dα 6= 0 may be read
Tf (ι|Hz) 6= 0, ∀f ∈ Hz, ∀z ∈ V, (59)
i.e. ι|Hz is an immersion in (T
∗
z V )
∧(m−1) for every z ∈ V .
§4.2 Local existence of conservation laws for given characteristics
Let U be a manifold, S ⊂ U a submanifold of codimension 1 in U and D a vector
sub-bundle of TU of dimDu = 1, ∀u ∈ U . Consider the following definition:
The triad (U, S,D) will be called a neighbourhood of foliation cut if ∃ p : U → S
surjective submersion with the properties:
(i) p|S = idS;
(ii) Ker Tup = Du, ∀u ∈ U ;
(iii) p−1({s}) is connected non-compact ∀s ∈ S.
Such a neighbourhood of foliation cut can always be constructed using the local flow
of a smooth vector field X with Xu ∈ Du \ {0}, ∀u ∈ U . We will use the following
propositions
Proposition 2 Let (U, S,D) be a neighbourhood of foliation cut and X a smooth vector
field on U such that Xu ∈ Du\{0}, ∀u ∈ U . Let d = dimU and p be such that 1 6 p 6 d−1
be fixed. Then the system for the unknown form α ∈ C1Γ((T ∗U)∧p)
(iXdα)u = βu, (iXα)u = γu, ∀u ∈ U, (60)
with the boundary condition
(j∗α)s = δs, ∀s ∈ S, (61)
where β ∈ CΓ((T ∗U)∧p), γ ∈ C1Γ((T ∗U)∧(p−1)), δ ∈ C1Γ((T ∗S)∧p) are given and
j : S → U is the respective embedding, has a unique solution in U .
Proposition 3 Let D1 and D2 be two smooth sub-bundles of TU of dimension 1 and
(U1, S1, D1) and (U2, S2, D2) be two neighbourhoods of foliation cut, such that U2 ⊆ U1 ⊆ U
and S2 ⊆ S1. Then ∃U
′
1 ⊆ U2 such that (U
′
1, S2, D1) be a neighbourhood of foliation cut.
The local existence and uniqueness result is contained in
Theorem 2 Let (Ui, S,Di), i = 1, 2, be two neighbourhoods of foliation cut for two
different foliations, with U2 ⊂ U1, j : S → U2 the embedding and Xiu ∈ Diu \ {0},
∀u ∈ Ui, i = 1, 2, smooth vector fields. Then
10. ∀ γ ∈ C1Γ((T ∗S)∧p) ∃α ∈ C1Γ((T ∗U2)
∧p) such that
(iX1dα)u = 0, (iX2α)u = 0, ∀u ∈ U2, (62)
(j∗α)s = γs, ∀s ∈ S, (63)
of the form
α = β + dφ (64)
where
(iX1β)u = 0, ∀u ∈ U1, (j
∗β)s = γs, ∀s ∈ S, (65)
and
(iX2dφ)u = −(iX2β)u, (iX2φ)u = 0, ∀u ∈ U2, (j
∗φ)s = 0, ∀s ∈ S. (66)
Moreover, (dα)u 6= 0, ∀u ∈ U2, if and only if (dγ)s 6= 0, ∀s ∈ S.
20. If α ∈ C1Γ((T ∗U1)
∧p) verifies
(iX1dα)u = 0, ∀u ∈ U1, (iX2α)u = 0, ∀u ∈ U2, (j
∗α)s = 0, ∀s ∈ S, (67)
then α = 0 on U2.
The efficiency of the theorem depends on supplementary information about the two
foliations that would allow construction of common neighbourhoods of foliation cut for
them. An important instance is given by the interesting for us foliations of characteristics
and of nonlinear fibers in the case of the equation of 2D flat projective structure. They
may also be defined as the level sets of the two submersions π and π˚ (see [2, (71), (72)
and (75)]):
F (V ) := {(p, d)| p ∈ P (V ), d ∈ G2(V ), p ∈ d}, (68)
π : F (V )→ P (V ), π(p, d) = p; π˚ : F (V )→ G2(V ), π˚(p, d) = d. (69)
Theorem 3 For the foliations of characteristics and of nonlinear fibers of the equation
of 2D flat projective structure for each point f0 ∈ F (V ) there exists a fundamental system
of common neighbourhoods of foliation cut (Un, Sn, D) = (Un, Sn, T
0F ) with f0 ∈ Sn, ∀n.
In fact, we consider first the domain of R3,
U = {(x, t, y)| 0 < |t| < x, t2 + x2 < 1, |y| < 1} (70)
and the cut S := graph(φ) where
φ : {(x, t)| t2 + x2 < 1, 0 < |t| < x} → (−1, 1), φ(x, t) = −t/x. (71)
We have π(x, t, y) = (x, t), π˚(x, t, y) = (y, x− ty) and it is easy to see that the leaves of
both π and π˚ from U are connected, non-compact and that each leaf from both families
cuts S in precisely one point.
§4.3 Properties of entropy densities defined by oriented conservation laws
Our concern here wil be the entropy densities ρ for which there exists the everywhere
positive density µ on M (or on an open subset U of it), and the odd form τ on F (or on
an open G ⊆ F such that π(G) = U), that is
τ = α⊗ ω, (72)
with α even (m − 1)-form coming from a conservation law, i.e. with the properties (55),
and ω a local orientation on G, such that
ρ⋌ π∗µ = dτ. (73)
Here π is the usual projection π : F →M and for µ ∈ C∞Γ(Ω(TU)),
π∗µ ∈ C∞Γ(Ω(TG/T 0G)) is defined by
(π∗µ)g = µpi(g) ◦ (Tgπ)
∧m, (74)
where
Tgπ : TgG/T
0
gG−˜→Tpi(g)U (75)
(see also [2,(39), (40)]). The operation appearing in the left hand side of (73) is introduced
in [2, (14), (16)], still let us recall it; for W ⊂ V vector subspace there is a canonical
isomorphism
Ω(W )⊗ Ω(V/W )−˜→Ω(V ), (76)
where Ω(V ) denotes the vector space of constant densities on V . We denoted ρ ⋊ σ the
image of ρ ⊗ σ through this isomorphism. Next, for ρ ∈ Ω(W ) ⊗ V, φ ∈ Ω(V/W ) we
considered the contracted tensor product
ρ⋌ φ = iX(λ⋊ φ), (77)
if ρ = λ ⊗ X, λ ∈ Ω(W ), X ∈ V ; and finally for ρ ∈ CΓ(Ω(T 0F ) ⊗ TF ) and φ ∈
CΓ(Ω(TF/T 0F )) it is defined, through the contracted product (77) taken in fibers, the
odd (d-1)-form on F , if d denotes dimF :
ρ⋌ φ ∈ CΓ((T ∗F )∧(d−1) ⊗ S(TF )). (78)
Here S(TF ) denotes the total space of the vector bundle of odd scalars over F : see [2,
(1)].
We call τ oriented conservation law even if in (72) only τ is uniquely defined; we have in
mind the fact that a given orientation of G may be only locally defined and moreover its
meaning for τ is not unique: α⊗ ω = (−α)⊗ (−ω).
For an entropy density of the form (73) the generalized function I(ρ, σ,G) (see [2,(31),
(37)] and (17) here) can be written only in terms of dτ . In order of that, for ζ ∈
C
∞
0 Γ(Ω(T
0G)) we consider its fiber primitive
∫
ζ ∈ C∞(G˜,R) defined by(∫
ζ
)
(g, o) :=
∫
(−∞, g)o
ζ ∈ R. (79)
Recall that
̟ : G˜→ G, G˜g = ̟
−1({g}) := O(TgGpi(g)) (80)
is a natural covering of G with two leaves (O(V ) denotes the set of two orientations of
the vector space V ) and
(−∞, g)o = {h ∈ Gpi(g)| h < g with respect to o}. (81)
In [2, (27)] we gave an analogous definition for the fiber primitive∫
ψ ∈ C∞Γ(Ω(TG˜/T 0G˜)) (82)
when ψ ∈ C∞0 Γ(Ω(TG)). If we replace in the definition
< I(ρ, σ,G), ψ >=
∫
D(σ)
d(̟∗ρ⋌
∫
ψ). (83)
(see [2, (31)]) ψ = ζ ⋊ π∗µ, from (73) we get
̟∗ρ⋌
∫
ψ =
(∫
ζ
)
·̟∗(dτ).
Thus, in the case of an entropy density coming from an oriented conservation law through
(73), it is natural to consider the generalized function
< I(τ, σ, G), ζ >:=
∫
D(σ)
d
[(∫
ζ
)
· d(̟∗τ)
]
, (84)
for ζ ∈ C∞0 Γ(Ω(T
0G)). Analogously, in place of < J(ρ, σ|V , τ), ζ > (see [2, (41)]), we will
consider the distribution
< J(τ, σ|V , η), φ >:=
∫
|σ,η|
d[(φ ◦ π) · dτ ] +
∫
(im η, o (η→σ))
(φ ◦ π) · dτ, (85)
for φ ∈ C∞0 (V,R). Accordingly, we will define the distribution (compare with (3),(5))
RH(τ, σ) : C∞0 (U˜pi,R)→ R (86)
by
< RH(τ, σ), φ >=< J(τ, σ|V , η), φ ◦ p
−1 > (87)
for φ ∈ C∞0 ((V, o),R); we keep in mind that p : (V, o) → V is a diffeomorphism (see the
notation (V, o) after (4)).
For W ⊂ V vector subspace, dim V = d, dimW = p and π : V → V/W canonical, there
is a natural isomorphism
O(W )⊗ O(V/W )−˜→O(V ), o⊗ ϑ 7→ o⋊ ϑ, (88)
(o⋊ ϑ)(v1 ∧ · · · ∧ vd) = o(Pv1 ∧ · · · ∧ Pvp)ϑ(πvp+1 ∧ · · · ∧ πvd) (89)
if πvp+1 ∧ · · ·∧πvd 6= 0 and P : V →W is the projection corresponding to the direct sum
decomposition
V = W ∔
d∑
j=p+1
R · vj.
Analogously, there is the isomorphism
O(V/W )⊗O(W )−˜→O(V ), ϑ⊗ o 7→ ϑ⋉ o, (90)
(ϑ⋉ o)(v1 ∧ · · · ∧ vd) = ϑ(πv1 ∧ · · · ∧ πvd−p)o(Pvd−p+1 ∧ · · · ∧ Pvd) (91)
if πv1 ∧ · · · ∧πvd−p 6= 0 and P : V →W is the projection corresponding to the direct sum
decomposition
V = W ∔
d−p∑
j=1
R · vj .
We have always
ϑ⋉ o = (−1)p(d−p)o⋊ ϑ. (92)
If o ∈ O(W ) and ω ∈ O(V ) we denote ωupslopeo ∈ O(V/w), respectively oω ∈ O(V/W ), the
orientations verifying
o⋊ (ωupslopeo) = ω, (oω)⋉ o = ω. (93)
Of course
oω = (−1)p(d−p)ωupslopeo. (94)
If G→ U is an open layer bounding the locally essentialy bounded section σ, defined on
U , in the sense that (see [2, (21)]): ∀ z0 ∈ U ∃V = V˚ ⊆ U, V ∋ z0, ∃ σ1, σ2 ∈ CΓ(G|V )
such that
σz ∈ |σ1z, σ2z|Gz , z ∈ V, (95)
and ω is a local orientation on G and o a local orientation of the nonlinear fibers of G, we
will consider the local orientations oω and ωupslopeo of the vector bundle TG/T 0G defined
in the fibers as before.
The definition of the entropy density coming from an oriented conservation law (73) is
justified by the following
Theorem 4 Let τ be an odd (m−1)-form on G ⊆ F , such that the form α defined locally
by (72) satisfies (55). Let ι be defined by (57) and (58) if H ⊆ G is orientable by ω, so
that α is itself defined on H.
Let σ be a locally essentially bounded section of F , defined on U = π(G), whose image is
bounded by the open layer G.
Then σ∗α is correctly defined on V := π(H) by
σ∗α = ι ◦ σ (96)
as this relation holds for σ differentiable. Moreover σ ◦p : U˜pi → G is canonically oriented
by the correspondence of orientations
((σ ◦ p)∗ω)(z,o) = [(T(z,o)p)
−1 · Tσ(z)π]∗(ωupslopeo)σ(z) (97)
for ω local orientation on G, since the orientation [(T(z,o)p)
−1 ·Tgπ]∗(ωupslopeo)g ∈ O(T(z,o)U˜pi)
is well defined and independent of g, with π(g) = z. Therefore the pull-back
(σ ◦ p)∗τ = p∗(σ∗α)⊗ (σ ◦ p)∗ω (98)
is well defined, locally essentially bounded and independent of the local representation (72)
of τ . And finally
RH(τ, σ) = −d((σ ◦ p)∗τ) (99)
where the exterior differentiation is taken in the sense of distributions.
In the computations above we used the calculus with odd differential forms from [3].
Remark that in the right hand side of (99) there is a generalized odd differential m-form
on the m-dimensional manifold U˜pi, hence a generalized density, or distribution, like in
the left hand side.
Taking into account the importance of the expressions Rσ and S(σ, θ) (see (11) and (12))
in the formula (19), it is of interest their form for the special case of an entropy density
defined by an oriented conservation law.
Theorem 5 Let the entropy density ρ be defined by (73) and (72) on an open, oriented
by ω, subset H of F and ι the immersion defined, in (57) and (58), by α submitted to
(55). If, in addition, T 0H is oriented by o we have
i∫
|a,b| Tgpi·ρ
z(dg)µz = sgn(b− a)(ι(b)− ι(a))⊗ (−ωupslopeo), (100)
where
sgn(b− a) =
{ 1, b > a,
0, b = a,
−1, b < a,
with respect to o on Hz,
the difference ι(b) − ι(a) is taken in (T ∗zM)
∧(m−1), the orientation −ωupslopeo is thought on
V := π(H) and z ∈ V . In other words (see (89) and (93)):
µz(
∫
|a,b|
Tgπ · ρ
z(dg), v1, v2, . . . , vm−1) =
= −sgn(b− a)(ι(b)z − ι(a)z)(v1, v2, . . . , vm−1)ωh(Y ∧W ∧ V1 ∧ V2 ∧ · · · ∧ Vm−1)/oh(Y ),
(101)
if π(h) = z, Y ∈ ThHz, W ∈ ThH, Vi ∈ ThH, vi = Thπ Vi, i = 1, . . . , m− 1,∫
|a,b|
Tgπ · ρ
z(dg) = Thπ W, Y ∧W ∧ V1 ∧ V2 ∧ · · · ∧ Vm−1 6= 0.
Remember that the definition of an entropy density ρ defined by an oriented conservation
law τ is linked to the existence of an everywhere positive density µ on the base space-
time continuum, such that the equality (73) holds. This property is clarly invariant at
multiplication by an everywhere positive function on the base manifold: fρ verifies the
same equality using (1/f) µ in place of the needed density, when f = f(z) > 0. That
verification was necessary anyhow, because we knew that fρ defines the same entropy
condition as ρ. Then the following result has its own interest.
Proposition 4 An everywhere positive smooth function f defined on the total manifold
F , or only on an open subset of it, has the property that for every entropy density ρ of
the form (73) fρ is of the same form if and only if ∃ g > 0, h > 0 such that
f = g · h, LXg = 0, LY h = 0, (102)
for vector fields X, Y such that Xe ∈ De \ {0}, Ye ∈ T
0
e F \ {0}, ∀e.
Here LXφ =< dφ,X > denotes the usual derivative of the function φ along X .
§4.4 Characterization of entropy densities defined by oriented conservation
laws for a base manifold of dimension 2 and completely non-integrable
sub-bundle D ⊕ T 0F .
Suppose that dimM = 2 and Re 6= 0, ∀e in the common domain of definition of the
smooth vector fields X and Y , with Xe ∈ De \ {0}, Ye ∈ T
0
e F, ∀e (see Section 3 here,
especially (42)). As we stressed already, the equation of 2D flat projective structure
satisfies this condition. These two conditions are equivalent to
RXe +RYe +R[X, Y ]e = TeF, ∀e. (103)
We have the following nice complement of the Proposition 3 above
Proposition 5 Under the condition (103) a positive differentiable function f , defined on
a common simply connected domain with X and Y , is of the form (102) if and only if the
differential 1-form α defined by
< α,X >= LX logf, < α, Y >= 0, < α, [Y,X ] >= LYLX logf, (104)
is closed: dα = 0.
Let us recall the following definition: the divergence of a vector field X with respect
to a smooth nowhere null density µ on the same manifold is the function that verifies
divµ(X) · µ = LXµ, where the right hand side represents the Lie derivative of µ with
respect to X . We have also LXµ = d(iXµ). Then the following characterization holds:
Theorem 6 Let the condition (103) be satisfied and ρ be an entropy density of the form
ρ = λ ⊗ X. Then there exists f smooth and everywhere positive on a simply connected
subset V of the projection of the domain of ρ on the base manifold M , such that
d(f ρ⋌ π∗µ) = 0 (105)
if and only if, for ν := λ⋊ π∗µ, the 1-form ξ defined by
< ξ,X >= divν(X), < ξ, Y >= 0, < ξ, [Y,X ] >= LY divν(X), (106)
on π−1(V ), is closed: dξ = 0.
Aknowledgement. Support from the Grant PN2 No. 573/2009.
References
1. S. N. Kruzhkov, “First order quasilinear equations with several space variables”,
Math. USSR Sbornik, 10 (1970), 217-273.
2. G. Minea, “Entropy conditions for quasilinear first order equations on nonlinear fiber
bundles with special emphasis on the equation of 2D flat projective structure. I.”,
arXiv:0912.0832v1 [math.AP] 4 Dec. 2009.
3. G. de Rham, “Varietes differentiables”, Hermann, Paris, 1955.
4. A. Vol’pert, “The spaces BV and quasilinear equations“, Math. USSR Sbornik 2
(1967), 225-267.
5. F. W. Warner, ”Foundations of Differentiable Manifolds and Lie Groups“,Springer,
1983.
